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Introduction
Supersymmetric solutions of IIB supergravity have found widespread applications in string theory and gauge theories. Some of these solutions have been discovered in the context of branes, see e.g. [1] [2] [3] and in the context of the AdS/CFT correspondence [4] , see e.g. [5] [6] [7] [8] [9] . Most of these results rely on Ansätze appropriately adapted to the requirements of the physical problems. Progress has also been made towards a systematic understanding of the supersymmetric solutions of IIB supergravity. The maximally supersymmetric solutions of IIB supergravity have been classified in [10] and they have been found to be locally isometric to Minkowski space, AdS 5 × S 5 [5] and a maximally supersymmetric plane wave [9] . In addition, these backgrounds are related by Penrose limits [11] . More recently, the Killing spinor equations of IIB have been solved for one Killing spinor [12, 13] , and for all supersymmetric backgrounds with two Spin(7) R 8 -invariant spinors, and four SU (4) R 8 -and G 2 -invariant spinors [13] .
In the spinorial geometry approach to supersymmetric backgrounds [14] , the Killing spinor equations of M-theory and their integrability conditions for any number of supersymmetries turn into linear systems [15] . The linear system of the Killing spinor equations can be solved to express the fluxes of the theory in terms of the geometry and to find the conditions on the geometry imposed by supersymmetry for any number of Killing spinors. The linear system associated with the integrability conditions determines the field equations that are implied by the Killing spinor equations. The main purpose of this talk is to review how the above results can be extended to the Killing spinor equations of IIB supergravity and their integrability conditions. From the M-theory and IIB analyses it is straight forward to apply the spinorial method to any supergravity theory. The construction relies on the linearity of the Killing spinor equations and the observation that the IIB Killing spinor equations for any spinor can be determined from those for five types of spinors. These five types of spinors are
which we denote collectively by σ I , where we have expressed the spinors in terms of forms [16] [17] [18] . For IIB supergravity, this has been explained in [12] . In [19] we evaluate the Killing spinor equations of IIB supergravity on all five types of spinors and express the result in terms of an oscillator basis in the space of spinors. In this way, we can construct a linear system associated with the Killing spinor equations of backgrounds with any number of Killing spinors. This linear system can be used to determine the fluxes in terms of the geometry and the conditions on the geometry imposed by supersymmetry. In IIB supergravity, it is convenient to first solve for the complex fluxes, i.e. the three-form field strength G and the one-form field strength P associated with the two scalars. Then the remaining equations determine some of the components of the five-form flux F and constrain the geometry of spacetime.
The Killing spinor equations of supergravity theories imply some of the field equations. In IIB supergravity, this is related to the computation of the field equations from the commutator of supersymmetry transformations [5] , see also [20] . We identify the integrability conditions I and I A that contain the field equations and the Bianchi identities 1 . Then, we show that the integrability conditions for a Killing spinor can be expressed in terms of those for five types of spinors σ I . In [19] we evaluate Iσ I and I A σ I in terms of an oscillator basis in the space of spinors and thus derive a linear system. This linear system can be used to determine which field equations and Bianchi identities that are implied by the Killing spinor equations for backgrounds with any number of Killing spinors. The results described above can be used as a manual to solve the Killing spinor equations of IIB backgrounds with any number of Killing spinors, and to determine the field equations that are implied from the Killing spinor equations for such backgrounds.
There are several ways to characterise supersymmetric IIB backgrounds. One way is to count the number of Killing spinors 2 N and their stability subgroup H in Spin(9, 1) × U (1). The role of the stability subgroup of the Killing spinors in the classification of supersymmetric backgrounds has been stressed in [22] . Backgrounds for which H contains a Berger holonomy group, i.e. if H contains SU (n), G 2 , Sp (2) or Spin(7), are of particular interest. The Killing spinors of most of the known solutions have stability subgroups in Spin(9, 1) × U (1) which are of Berger type. It has been demonstrated in [13] [19] . The analysis for the half-maximally supersymmetric H-backgrounds also simplify, albeit not as drastically.
This talk is based on [19] in which the notation and conventions used here, and many further details, can be found. In [19] the method described above is e.g. used to solve the Killing spinor equations of backgrounds with two SU (4) R 8 -invariant spinors and the resulting geometry is analysed. In addition, the linear system associated with the integrability conditions of the Killing spinor equations for the maximally supersymmetric Spin(7) R 8 -and SU (4) R 8 -backgrounds studied in [13] are analysed. In both cases, if the Bianchi identities are imposed, the only field equations that are not implied by the Killing spinor equations are the E −− components of the Einstein equations.
Killing spinor equations and integrability conditions

Killing spinor equations
The bosonic fields of IIB supergravity [5, 23, 24] are the spacetime metric g, two real scalars, the axion σ and the dilaton φ, which are combined into a complex one-form field strength P , two three-form field strengths G 1 and G 2 which are combined to a (complex) three-form field strength G, and a self-dual five-form field strength F .
The Killing spinor equations of IIB supergravity are the parallel transport equations of the supercovariant derivative D
and the algebraic condition
0...9 = − , and C is a charge conjugation matrix. For our spinor conventions 3 see [19] . The Killing spinor equations are the vanishing conditions of the supersymmetry transformations of the gravitino, and the supersymmetric partners of the dilaton and axion restricted to the bosonic sector of IIB supergravity, respectively. The recent modification of IIB supergravity with ten-form potentials [25] does not change our analysis below because the Killing spinor equations remain the same.
Integrability conditions
To determine the field equations which are implied by the Killing spinor equations, one has to investigate the integrability conditions of the Killing spinor equations. This calculation is essentially the same as that of [5] where the field equations of the IIB supergravity were found from the commutator of the supersymmetry transformations. However, we cast the results in such a way that is more suitable for our purpose. The integrability conditions are
and
where R has been given in [26] and so the expression will not be repeated here. It turns out that some field equations and Bianchi identities of IIB supergravity are contained in the
, A] components of the integrability conditions. In particular, we have
and similarly, Γ A [D A , A] can be written as
3 We use a mostly plus convention for the metric. To relate this to the conventions of [5] , one takes Γ A → iΓ A and every time a index is lowered there is also an additional minus sign.
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where
LG AB :
One can show that LF and BF are not independent but are related by the self duality condition on F . The field strengths P and G have different U (1) ⊂ SU (1, 1) charges. In particular, one has
To derive the above expressions some very painful Dirac algebra is required but we have been assisted by GAMMA [21] to perform most of the computation. The algebraic Killing spinor equation (3) has also been used to convert expressions containing G and P fluxes. The above choice of components of integrability conditions that contain the field equations and the Bianchi identities is not unique. For example, the component Γ B R AB may also be used giving equivalent, but less compact, results.
The five types of spinors
The spinors that appear in type IIB supergravity are complex Weyl spinors of positive chirality. A direct consequence of this is that the most general Killing spinor of IIB supergravity can be written as
where p, q, u, v and w are complex functions on the spacetime, and i, j, k = 1, 2, 3, 4. The supercovariant derivative acting on gives
and the algebraic Killing spinor equation becomes
where p = p 0 + ip 1 and similarly for the rest of the components. Therefore, to compute the Killing spinor equations for the most general spinor in IIB supergravity, it suffices to compute the supercovariant derivative and A on the ten types of spinors spinor equations acting on 1 should in addition be multiplied by the complex unit i to recover the correct result for the Killing spinor equations acting on i1, and similarly for the rest of the pairs. To construct the linear system associated with any number of Killing spinors it therefore suffices to compute
i.e. the Killing spinor equations evaluated on five types of spinors. It remains to show that the integrability conditions I A , I for a Killing spinor can also be determined in terms of those for the above five types of spinors. Since the integrability conditions are algebraic, one finds that
and similarly for the I integrability condition. Since the expressions for I A (i1) can be easily recovered from that of I A 1, and similarly for the rest, one has to compute
i.e. the integrability conditions evaluated on five types of spinors. In [19] we give the general formulae for the Killing spinor equations and their integrability conditions acting on all five types of spinors. In the appendices of [19] we also list the various components of these equations in the basis used above.
Maximally supersymmetric H-backgrounds
In many cases of interest, the Killing spinors are invariant under some proper subgroup H of Spin (9, 1).
In such cases, it has been shown in [13] 
where (f ri ) is an N ×k matrix of real functions and N is the number of Killing spinors of the background. It has also been shown in [13] that the Killing spinor equations of backgrounds with H-invariant Killing spinors whose number of Killing spinors is equal to the real dimension of ∆ H , i.e. of maximally supersymmetric H-backgrounds, dramatically simplify. In particular the terms in Killing spinor equations that contain the P and G fluxes factorise from those that contain the F fluxes and geometry. This was shown in some special cases, here we shall review the proof for the general case [19] .
In the maximally supersymmetric H-backgrounds, f = (f ri ) is invertible. Because of this, the Killing spinor equations can be written as
First consider the algebraic Killing spinor equation for i = 1 and i = m + 1. In this case η m+1 = iη 1 and thus
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Therefore, we conclude that P A Γ A η 1 = 0 and Γ ABC G ABC η 1 = 0. Applying this for all pairs, we get
Performing the same analysis for the first equation in (17), we find
where we have also used the second equation in (19) . It is easy to see from (19) and (20) that, as we have mentioned, the Killing spinor equations factorise. It has been observed in [13] that the solution to the Killing spinor equation in this case gives rise to a parallel transport equation
The connection C can be thought of as the restriction of the supercovariant connection on the bundle of Killing spinors
where S is the spin bundle of the theory. A necessary condition for the existence of a solution to the parallel transport equation is the vanishing of the curvature F (C) = dC − C ∧ C = 0. It is worth pointing out that for maximally supersymmetric backgrounds H = 1, K = S and C is the supercovariant connection. The curvature F (C) is the supercovariant curvature R = [D, D]. The vanishing of R was precisely the condition analysed in [10] to classify the supersymmetric solutions of ten-and eleven-dimensional supergravities. A similar analysis as the one presented above can be performed for the integrability conditions of maximally supersymmetric H-backgrounds. It has been shown that the integrability conditions factorise as well [19] .
Half-maximally supersymmetric H-backgrounds
The analysis also simplifies for backgrounds that admit N = 1 2 dim R ∆ H H-invariant Killing spinors, i.e. backgrounds admitting half of the maximal possible number of H-invariant Killing spinors. We refer to these backgrounds either as half-maximally supersymmetric H-backgrounds or as half-maximal Hbackgrounds. In [19] we show that the Killing spinors of such backgrounds can be written as = z η, where z is an N × N complex matrix and η is a basis of N H-invariant Majorana-Weyl spinors. There are two classes of half-maximally supersymmetric H-backgrounds. One class consists of those backgrounds for which the Killing spinors are linearly independent over the complex numbers, and therefore also over the real numbers. Such backgrounds are associated with a complex invertible N × N matrix z, det z = 0. We refer to these models as generic half-maximal H-backgrounds. Although the Killing spinor equations do not factorise in this case, they simplify [19] . In particular, the gravitino Killing spinor equations can be rewritten so that the only contributions that include terms with more than two gamma matrices are those for the F flux. The dependence on the functions of the Killing spinors is also restricted in the terms that Table 1 √ denotes the cases for which the Killing spinor equations have already been solved. denotes the remaining cases that correspond to backgrounds with H-invariant spinors that can be tackled with the techniques described in this talk. − denotes the cases that do not occur, e.g. there are no backgrounds with N > 2 and Spin(7) R
-invariant
Killing spinors. The remaining entries may occur but it is expected that the associated linear systems are more involved.
contain up to two gamma matrices. In addition, the solution to the Killing spinor equations gives rise to a parallel transport equation
where C can be interpreted as the restriction of the supercovariant connection on the bundle of Killing spinors K. This is similar to the parallel transport equation 4 that arises in the maximally supersymmetric H-backgrounds [13] but in this case C may depend on z and therefore the resulting first order system is nonlinear. The other class consists of those backgrounds for which the Killing spinors are linearly independent over the real numbers but linearly dependent over the complex numbers, i.e. det z = 0. We refer to these models as degenerate half-maximal H-backgrounds. Clearly this subclass can be further characterized by the rank of z. If the rank of z is r, then the space of Killing spinors of such backgrounds is of co-dimension 2(N − r) in the space of Killing spinors. In particular, if the rank of z is N − 1 then one of the Killing spinors will be linearly dependent over the complex numbers on the remaining N − 1 Killing spinors but linearly independent over the reals.
Concluding remarks
We have reviewed how the Killing spinor equations of any IIB supergravity background can be written as a linear system for the fluxes, the geometry and the spacetime derivatives of the functions that determine the Killing spinors. This has been achieved by using the spinorial geometry techniques of [14] . Another linear system, constructed in a similar way, can be used to determine the field equations and Bianchi identities of IIB supergravity that are determined by the Killing spinors for any supersymmetric background. These two linear systems can be used to systematically investigate all supersymmetric backgrounds of IIB supergravity.
For general supersymmetric backgrounds these two linear systems are rather complicated. However, these linear systems simplify for backgrounds that admit H-invariant spinors, H ⊂ Spin(9, 1). The most drastic simplification occurs for backgrounds which admit a maximal number of H-invariant Killing spinors, the maximally supersymmetric H-backgrounds. In this case, the Killing spinor equations factorise and the resulting linear systems are easy to solve. We have demonstrated that this gives rise to a flatness condition for the connection which is identified as the restriction of the supercovariant connection on the bundle of Killing spinors K. Another interesting case in which the analysis also simplifies is for the half-maximal H-backgrounds.
To give an overview of the current status of the problem in IIB supergravity, we summarise some of the results in the Table 1 . In this table, we indicate the cases that have been investigated as well as the maximal and half-maximal H-backgrounds that remain to be tackled. Note that for N = 1 there are three possible stability subgroups [12] compared to two for M-theory [22] .
In Table 1 the list of cases that remain to be tackled contains the N = 4 and N = 8 SU (3)-backgrounds. The former includes many interesting backgrounds which are dual to four-dimensional N = 1 (N = 4) gauge theories. The list also includes all supersymmetric backgrounds that preserve 1/2 of the supersymmetry (N = 16). There are three classes of 1/2 supersymmetric backgrounds. The maximal R 8 -backgrounds, the maximal SU (2)-backgrounds and the half-maximal 1-backgrounds. It would be of interest to investigate all these cases.
